Introduction
The changes in size that occur when materials are subjected to a variation in temperature are quantified through their coefficients of thermal expansion (CTEs), parameters which typically assume a positive value as most materials expand in size upon heating. Nevertheless, negative thermal expansion (NTE) (or thermal
The model
The systems to be modelled are four more general forms of the well-known two-dimensional RUM models made from connected squares, as shown in figure 1a . First, we consider systems where the rigid squares [50] are replaced by rigid rectangles of dimensions a × b (figure 1b,c), following which we consider systems where the squares are replaced by rigid rhombi [51] of side lengths a × a having an internal angle φ (figure 1d,e). In all cases, so as to simplify the analysis and to take a similar approach to the one employed by Dove et al. [52] , the systems are in their initial 'cold' state (which would correspond to a temperature of 0 K) and the respective rigid units are arranged such that the systems are in their most open conformation where the angle between the rigid units is equal to θ 0 . This means that, once heated, the rigid units are expected to start vibrating around this mean conformation. It shall also be assumed that the units behave as harmonic oscillators vis-à-vis rotations, such that at some temperature T, they vibrate about the mean angle, θ eq in a symmetric manner. Given the nature of the systems considered, as well as the potential used, the angles θ 0 and θ eq coincide, meaning that θ 0 = θ eq . The symmetry of this harmonic potential means that the thermal average of the tilt angle, θ T , may henceforth be assumed to equal zero and the average square of this quantity, θ 2 T , has a non-zero finite value. We also assume that the thermal fluctuations that the system experiences results in very small rotations of the units, so that small angle approximations may be applied to trigonometric functions involving the term θ .
In the case of the system made up from rectangles of dimensions a × b, as illustrated in figure 1b, one may construct two types of networked structures (henceforth referred to as Type I and Type II [53] , illustrated in figure 1b and c, respectively), which differ from each other in terms of their connectives and resultant symmetries. In the case of the network having a Type I connectivity, the whole system can be adequately described through a rectangular unit cell, whose lattice vectors a and b are represented by (X 11 , 0) and (0, X 22 ), respectively (figure 1b). X 11 and X 22 are the projections of the unit cell along the Ox 1 and Ox 2 direction and are given by
and
Multiplying the two projections together, one obtains the area of the unit cell, A, at any angle θ: Expressing θ in terms of an initial angle θ 0 (which is also the equilibrium angle) and a change in the angle θ , then the area at an angle θ 0 ± θ is, after simplifying, as follows:
For the system built from rectangles which initially is in its fully open state, i.e. θ 0 = π/2, and as for a given θ : sin(π/2 + θ ) = sin(π/2 − θ ) = cos( θ ), then the area function is symmetric, implying that A(θ 0 + θ ) = A(θ 0 − θ ). Thus, for this particular case when θ 0 = π/2, after applying the small angle approximation, one may rewrite the average unit cell area at a temperature T, A T , as
This applies for a system undergoing angle changes of ± θ as a result of thermal fluctuations corresponding to the temperature T, where θ 2 T is the thermal average of the changes in the term θ 2 at a temperature T.
The term θ 2 T may be replaced by a term involving temperature through the use of a methodology which is based on the work by Dove et al. [52] . In this approach, the average of the squared values of the deviations from the equilibrium position (θ eq ) have a non-zero value that is related to the temperature through the principle of equipartition of energy. This principle states that in thermal equilibrium, each independent mode in which energy can be stored is awarded 1 2 k B T of energy, where k B is the Boltzmann constant. Through simple harmonic motion, we know that the energy is distributed into potential and kinetic energy, which continuously interchange. The dynamic energy of a molecule depends on the square of a relative dynamical quantity, which may be a velocity term or displacement. Therefore, as it is being assumed that changes in temperature excite only a single vibrational mode through rotational motion, one may deduce an equation for the potential energy, caused by rotations due to thermal fluctuations of θ [52] :
where ω is the angular frequency of the rotational motion, θ 2 T is the thermal average of θ 2 and I is the moment of inertia of each rigid unit, a property which depends highly on the distribution of mass around the rotational axis.
Thus, in this particular case, taking the thermal average of the area, and relating it to temperature using equation (2.6), gives
Differentiating A T with respect to T, and dividing by A T , yields the following expression for the area coefficient of thermal expansion, α A , for the system made from rectangles:
For this approach to remain valid, the system must behave in a manner where it may be assumed that the units vibrate at a single frequency, ω, which remains unchanged by changes in temperature and therefore volume. This means that a change in temperature results in a change in the amplitude of oscillation, whereas its frequency remains unchanged. This eliminates the need to consider additional modes of vibration, thereby facilitating the treatment of these models. It may also be shown that for the Type II rectangular systems, where the unit cell is as illustrated in figure 1c , the unit cell parameters are given by
from which, through a similar approach to the one used above, one may obtain the area coefficient of thermal expansion for the system which is initially in its most open conformation (i.e. where the rectangles are initially at an angle θ 0 = π/2, in their 'cold' state)
Note that for this connectivity, the area thermal expansion coefficient is independent of the geometrical parameters a and b, and is equal to that derived for the more symmetric case involving the square-based network [52] .
Akin to the previous method, one may also derive the properties for the system made from rhombi. Once again, in this case, two systems may be constructed, henceforth referred to as Type α and Type β [53] as illustrated in figure 1d and e, respectively, depending on the manner by which the rhombi are connected together. In the case of the Type α system, a unit cell contains two rhombi; it has lattice vectors a = (X 11 , 0) and b = (0, X 22 ). As depicted in figure 1d, X 11 and X 22 are the projections of the unit cell along the Ox 1 and Ox 2 direction, and are given by
By multiplying the two projections together and simplifying, one obtains the unit cell area, which in the case of the Type α rhombi, is given by
If this system behaves as above, i.e. at temperature T the rigid units, which are initially at an angle θ 0 = π/2 to each other (corresponding to the most open conformation the system can assume), oscillate in a harmonic manner with an angular displacement of ± θ , then the area function is symmetric such that A(θ 0 + θ ) = A(θ 0 − θ ). Thus, using similar approximations to those previously stated, the average unit cell area A T at a temperature T may be written as
The area coefficient of thermal expansion for this rhombi network may thus be represented by
In the case of the Type β system, whereupon the network is in its most open conformation in the 'cold' state (for which this corresponds to a system where the rhombi are at angle of θ 0 = π − φ to each other), the area CTE is once again given by equation (2.11), that is independent of the shape and size of the rhombi. 
Results and discussion
Plots of the variation in the area CTEs with the a/b ratio for the RUM systems made from rectangles of dimension a × b, as well as area CTEs with φ for the RUMs systems made from rhombi of internal angle φ, are depicted in figure 2. These diagrams clearly show that the systems made from rectangles with the Type I connectivity, and the ones made from rhombi in the Type α connectivity, are capable of exhibiting a high degree of negative area CTE characteristics. This significantly exceeds what may be afforded by the more well-known RUM systems made from squares, or the other systems having a different connectivity (i.e. the Type II rectangles and the Type β rhombi). These plots also suggest the extent of CTE from RUMs may be fine-tuned through changes in the geometric features of the rigid units.
The particular case of the rectangles model where a = b, which subsequently converts the rectangles into squares, and the equivalent case where φ = π/2 for the rhombic systems, is not the optimal structure for generating NTE, despite the fact that for the past two decades, most researchers have focused their study on this more symmetric structure. However, the expressions and plots also suggest that, for the enhancement in the NTE properties to occur, the relaxation of the constraints where a = b and φ = π/2 needs to be done in a careful manner. In fact, the method of connection of the rigid units has a drastic effect on the thermal expansion properties of the systems, with the Type II rectangular or Type β rhombic networks being insensitive to any changes in the shape or size of the respective rectangular/rhombic building blocks.
The enhancement of the NTE properties exhibited by the Type I rectangular or Type α rhombic networks through changes in the geometry brings with it the added benefit of permitting the fine-tuning of the CTE characteristics. This feature is of significant practical importance, as particular application may necessitate the use of materials with some specific thermal expansion profile. Thus, any mechanism which permits the control of the extent of thermal expansion, particularly when the CTE is negative, is highly desirable. In this respect, it is also appropriate to identify the optimal geometric parameters for enhanced NTE. An analysis of equation (2.8) and figure 2a suggests that as a/b deviates from unity, particularly when b a or b a, the CTE of the Type I rectangles system becomes more negative. This means that as the units elongate and move away from the square symmetry, a greater extent of NTE may be observed. The effect is obviously symmetric in terms of the aspect ratio, meaning that the same CTE values are obtained irrespective of the orientation. One may thus conclude that a network of Type I rectangles having very different a and b values, i.e. in which the rectangles have a 'pencil-like' structure (as illustrated in figure 3 ), will tend towards maximal NTE. Note that in the limit where the aspect ratio goes to zero (or infinity), this structure would reduce to a molecular winerack system, which is well known for its NTE properties [54, 55] . Similarly, for the case of the Type α rotating rhombi, the CTE-φ plot illustrated in 2b depicts that thermal contraction is at a minimum when the rhombi become squares, i.e. at φ = π/2. The shape of the plot indicates that the further away the rhombi are from the perfectly symmetric square geometry (i.e. as φ tends to 0 or π radians), then the more pronounced the NTE becomes. A Type α rhombic structure having such a low intra-unit angle could also be described as being 'pencil-like'-once more, this system is not too dissimilar from the wine-rack mechanism (figure 4). What is interesting to note is that, irrespective of whether one controls the thermal expansion through changes in the a/b ratio, the intra-unit angle φ or the connectivity, those structures having the largest pore size appear to exhibit NTE to the greatest extent. Thus, the emerging pattern is that optimal NTE is best achieved for those rigid structures in which the ratio of pore area to area of solid structure is maximized. Obviously, in the case of the squares, the maximum area coverage of the pores is just 50% which would correspond to squares in their fully open conformation, where the area of the pores becomes equal to the area of the solid portion. In the case of systems made from Type I rectangles or Type α rhombi, the area occupied by the pores relative to the solid portion may be much higher, tending to 100% as a/b → 0, ∞ in the case of the systems made from rectangles, or φ → 0, π in the case of the systems made from rhombi. This argument is made stronger by the fact that, in the case of the Type II rectangles or Type β rhombi, the maximum area coverage of All this is very significant as major efforts are underway in order to design and produce materials with specific thermal expansion properties, as it is well known that a CTE mismatch of the system which is in thermal contact, could result in undesirable, and usually very costly, repercussions. In fact, one of the main uses of NTE materials is to combine them with existing conventional ones so as to adjust the overall thermal expansion coefficient of the resultant material [56] . In this respect, invar-type materials and other near-zero thermal expansion composite materials (normally composed of negatively and positively expanding materials in the correct ratio), which effectively result in a net expansion coefficient of zero, are of a high practical value [57, 58] . This model presents a blueprint which may enable the design of materials with more enhanced NTE characteristics, meaning that smaller quantities of them may be used in the manufacture of real, low or near-zero thermal expansion composites. This would permit for novel formulations where the component that is lowering the thermal expansion is kept to a minimum, thus permitting more flexibility of what the other components in the mixture could be. This could result in the development of superior composites which, apart from having excellent thermal expansion characteristics, could exhibit other remarkable properties such as high strength or extreme thermal/electrical conductivity properties, which would arise from the other components present in the mixture. Such techniques could redefine the materials world, and if economically viable, various engineering problems, such as those related to the fracturing of materials under temperature fluctuations for both large-scale objects used in construction and microelectronic devices used in appliances, could be reduced or even eliminated.
The availability of a mechanical model which builds on geometric features of the materials would be highly advantageous for both researchers and manufacturers alike. For instance, such models could provide chemists with a tool to assist them in the design and synthesis of new NTE materials which, for example, could be built as MOFs [59, 60] , metal cyanides [61, 62] or ceramics [63, 64] , and optimized so as to achieve some desired thermal expansion property. The applicability or the model presented here to real systems depends to a significant degree on the validity of the assumptions made. For instance, in deriving the model it was assumed that, in accordance with the definition of the CTE, any size or shape change occurs solely as a result of a change in the temperature. Further still, as the model is currently derived, the most important condition is that the system is indeed behaving as one in which its building blocks, or their two-dimensional projection in some particular plane of the material, act as perfectly rigid units. The consequences of this implies that such units may only rotate relative to each other in a rocking-like motion, whereupon the extent of rocking is temperature dependent, increasing as the temperature is increased. This behaviour is clearly too idealistic, as it is well known that increasing the temperature indefinitely would lead to many additional distortions in the crystal structure. Thus, one may argue that the approach used here is slightly over-simplistic, as such idealized behaviour is practically unattainable in real systems. Nevertheless, models such as this one are still essential as they can help identify how, at least in theory, a material should be designed in order to exhibit the required properties. It must be emphasized that even if a material is not behaving in a perfectly ideal manner, the general trends reported here, such as that by smartly modifying the shape of the units experiencing the RUM one could enhance the NTE, would still be applicable. Another consequence of the simplicity of the model is that it is applicable to cases where only one mode is being excited (of constant, average frequency ω).
In reality, this is seldom the case, and usually a number of phonon modes, both acoustic and optical, would be propagating through the structure simultaneously [65] . Each of these would have a particular weighting and therefore, overall effect, on the oscillatory motion of the structure, according to the temperature of the system. For instance, the longitudinal-type stretching modes (propagation along the internuclear axis) would result in a very different motion to that stemming from the aforementioned rocking-modes-thus the extent of NTE would be dependent on which of the modes are excited within the system. Hence, in essence, the other contributions to the thermal expansion from the different vibrational mechanisms acting simultaneously with the rocking-type motion will very likely reduce the negative effects observed and must therefore be accounted for when designing and modelling real materials. It is also important not to use the technique presented here to over-extrapolate information to 'high' temperatures, on account of the incorporation of the 'one-mode' approximation during the derivation of the analytical model.
All this suggests that, a more complex model, based on this preliminary investigation, would need to be formulated so as to better capture the behaviour of real crystalline systems. In such cases, concepts such as RUMs would probably need to be replaced by less restrictive models, as perfect rigidity is rarely achieved in practice. One such approach is to invoke the concept of the quasi-RUMs (qRUMs) [10, 66] , in which the units are considered to be semi-rigid, and slight deformations of these respective units are allowed to occur once the rocking-type modes are excited throughout the structure. In addition, it would be more useful to consider three-dimensional models rather than the simpler two-dimensional versions discussed here.
As a final remark, one should not preclude that it could also be theoretically possible to construct metamaterials or nano/micro mechanical devices which would be forced to behave in the manner discussed here. Given the advances that are being made in other areas of metamaterials, this possibility may be closer to achieve now than it was when the original RUM models were proposed more than two decades ago, making the present work much more pertinent. One should equally not preclude that real materials based on the models proposed here could also benefit from other superior properties. In this respect, it should be highlighted that the systems studied here had previously been analysed vis-à-vis their negative Poisson's ratio (auxetic) potential [51, 53, [67] [68] [69] where it was shown that the non-fully open forms of these constructs are able to exhibit the anomalous property of getting wider rather than thinner when uniaxially stretched. Based on the current and earlier work [50, 51, 53, 67, 68, 70] , it is envisaged that one may be able to engineer materials which would be both auxetic and also exhibit NTE characteristics, as has been done via a different paradigm [28, 30, [71] [72] [73] and thus provide a route for the design of new multifunctional materials exhibiting superior thermo-mechanical characteristics. For example, multifunctional (heat and pressure sensitive) materials have the potential to be used in applications involving body armour and protective packaging, whereby the material would react accordingly to changes in the external parameters. For instance, an increase in pressure would cause the material to become thicker, while an increase in temperature would result in a contraction of the system as a whole, in order to safely enclose the contents. In both cases, the reaction of the material would be tailored in such a way as to minimize the potential damage caused to the contents during an accident. Composites that combine the properties of one set of materials with those of another have been widely used in the aerospace industry since the 1950s. The benefit that the industry has derived from them has been the ability to 'tune' materials to survive the range of harsh conditions that aerospace structures meet in service. To illustrate, the functionality of O-rings as used in spacecraft shuttles are very sensitive to changes in temperature and pressure. Adopting a material which may behave in a controlled manner under such fluctuations could lead to an enhancement in safety and performance during flight. However, should one attempt to construct such multifunctional metamaterials, one needs to ensure that the appropriate lengthscale is used. For example, although the equations suggest that the thermal expansion of the rotating rigid rectangles depends on the aspect ratio of the rectangles, macroscopic systems will not exhibit the behaviour analysed here. For this effect to be able to manifest itself, the structural elements must be on the molecular or nanoscale. This is in contrast to the auxetic properties that such systems may afford. These properties can occur at any given lengthscale: ranging from the nanoscale through the microscale, up to the macroscale. In other words, for the thermal fluctuation analysis as described in equations (2.6)-(2.8) to apply, the structural units must be small enough for the vibrational motion to be observable. The frequency ω in equation (2.8) is dependent on the lengthscale and one should obviously not expect a system made from centimetre-sized rhombi or rectangles to vibrate upon heating and demonstrate the NTE effects discussed here.
Conclusion
This work has identified more optimal solutions for achieving NTE through RUMs than is presently known. In particular, this work has shown that NTE properties via the RUM mechanism are not just achievable from systems involving squares or equilateral triangles, but from a variety of other geometries. In fact, it was shown that the well-known rocking squares RUM model, adopted to explain NTE in a wide variety of materials, is not ideal from a geometrical point of view-a much higher extent of thermal contraction may be achieved from similar networks in which the squares are replaced by rectangles or rhombi. It was also shown that in such systems, the extent of NTE is dependent, among other things, on the shape of the rigid units used and their respective connectivity. Furthermore, it was found that the extent of NTE can be mapped to the size of the pores in the framework and that for maximum NTE, one would need to use building blocks which have a 'pencil-like' geometry (specifically in this work, by using rectangles with a very high aspect ratio, or rhombi with extreme internal angles). One may envisage that composites and metamaterials designed around the optimized models would have a better chance of exhibiting NTE than those based on previous assessments.
